dwoop Countirg Examples

Exercise 3.3  Counting function calls in loops (1 point).

For each of the following code snippets, compute the number of calls to f as a function of n € N.
Provide both the exact number of calls and a maximally simplified asymptotic bound in © notation.

Algorithm 1
(@ <0

while i < n do
f0
e
1+1+1

j<0

while j < 2n do

f0
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Algorithm 2
(b) i<« 1
while 7 < n do

j«1

while j < i® do
f0
j+—3+1
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Theory Task T2.

In this part, you should justify your answers briefly.

/4P a) Counting iterations: For the following code snippets, derive an asymptotic bound for(the
number of times fis called. Simplify the expression as much as possible and state it in ©-

notation as concisely as possible.

i) Snippet 1:

Algorithm 1
fori=1,...,ndo
for j=1,...,i2 do
f0
f0
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ii) Snippet 2:
Algorithm 2
fori=1,...,ndo
k+1
while k < i? do
f0
k + 2k
f0
[ n o Lloafi%) n
n_ [ pog,t% n . ‘
( '1)+j_ - n + )_.(2 1) = n+ Ellogi(l)) ( + nsn&ndr“w)
1=\ --0 i= \ \-":0 i-_- ‘
4 n
= N+ 2 2 log (-\)
i=1

= Llog(+ 2\08(2)+._. + Llog(n) + n

= Llog(nt) +n
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Exercise 2.1 Induction.

(a) Prove via mathematical induction that for all integers n > 5,
o om®,

In your solution, you should address the base case, the induction hypothesis and the induction step.

Bage Case: n=5 2° =32 > 5% 95
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Let x be a real number. Prove via mathematical induction that for every positive integer n, we have

(1+2)" = Zn: (?)x’

1=0

n\ n!
i) il(n—a)’

We use a standard convention 0! = 1, so () = (I!) = 1 for every positive integer n.

where

Hint: You can use the following fact without justification: for every 1 < i < n,
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By +the principle of mathematical  induction
for every positive ‘\m—ege_r n.
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Exercise 2.5  Asymptotic growth of In(n!).

Recall that the factorial of a positive integer n is definedasn! =1-2--- .- (n—1) - n. For the following
functions n ranges over N>o.

(a) Show thatIn(n!) < O(nlnn).

Hint: You can use the fact that n! < n™ forn € N>, without proof.
() £ In(n®) l log 1s monoton + ltat-
= nin(mM = () 2 O0lnlnn)

(b) Show that nlnn < O(In(n!)).

n
Hint: You can use the fact that (%) 2 < n! forn € N>y without proof.

tn(nl) > Qn(ﬂl—%) \ \08 is monoton + hint-
L ﬂz nn — ¢n2d)

= 2 h) > nlan - nln
5 2f(n)+nén2 = nean

n
% nln2 < 2 + 2l = 2 + (Rl t(2)+... +en(n)
1=\
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